THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH2040A
Solution to Homework 8

Compulsory Part

Sec.

(Sec 6.1 Q11)

(Sec 6.1 Q12)

(Sec 6.1 Q17)

(Sec 6.1 Q18)

6.1

Q: Prove the parallelogram law on an inner product space V; that is show that
2+ yl? + |z = yl* = 2l|2[|* + 2jy||* for all 2,y € V

What does this equation state about paralleograms in R??

Ans :
|z +yl* + [l — y|* = [|2|* + 2Re(z, y) + yl* + |2]|* — 2Re(z, y) + [|y||*
= 2|[|* + 2]ly[|*.
Q: Let {v1, -+, v} be and orthogonal set, {a1,--- ,ax} be scalars. Prove that
k 2k
Zaivi = Z |aif® HUzH2
i=1 i=1
Ans:
k 2 k k k k
Zaﬂ}i = <Z aivijzaim> = Z aiaj <UZ',’U]'> = Z |CLi|2 HUiH27 (1)
i=1 i=1 i=1 ij=1 i=1
since if ¢ # j, (v;,v5) = 0.
Q: Let T be a linear operator on an inner product space V', and suppose that ||T(x)| = ||z|]
for all . Prove that 1" is one to one.
Ans: Let z € V such that T'(z) = 0, then ||z|| = ||T(z)|| = 0, hence z = 0, so the ker-

nel is {0} hence T is one to one.

Let V be a vector space over F', where F' = R or F' = C, and let W be an inner product space
over F' with inner product (-,-). If T : V — W is linear, prove that (z,y) = (T'(z),T(y))

defines an inner product on V if and only if T is one to one.

Ans :
(=) : Suppose T'(x) = T(y). We consider

(x —y,x —y) = (x,2) — 2Re(x,y) + (y,y)’
= IT(2)|> = 2| T()|* + | T(y)[|* = 0.



Hence y = z.

(<) : Linearity is trivial. Also it is trivial that (z,y)’ = (y,z)’. We now show that (z,z)’ > 0 if

x # 0. Since T is one to one hence its kernel is {0}. Hence (z,z)" = (T'(x),T(x)) =
since T'(x) # 0, and (-,-) is an inner product.

(Sec 6.1 Q22) Let 8 be a basis forV. z = Y7 | av;, y = S i, biv;, define (z,y) = S | a;b;.

(a) Prove (-,-) is an inner product.

1T ()] >0

(b) Prove if V.= R™ or C™ and f is the standard basis, then the definition above is the

standard inner product.

(a) Direct checking.

(b) Let (-,-) denote the standard inner product. If © = (a1, - ,ay), y = (b1, -

<x7y> = Z?:l aigi = (x7y)'

Optional Part

Sec. 6.1

(Sec 6.1 Q01) Ans:
(a)

(b)

()

(d)

(e)

(f)
(8)
(h)

Not in the second component.

Consider 6.1 Q18.

,_h

(Sec 6.1 QO08) Ans:

(a) Leta=b=c=d=1,z=(1,1) # 0, then (x,z) = 0.

(b) A= (8 é).ThenA;éO, (A, A) = 0

(c) Let f =1+ 0 Then (f,f)=0
(Sec 6.1 Q19) Ans:
(a)
lz+yll> = (& +y,z+y)
= (v, 2 +y) +(y,z+y)
= (z,z) + (z,9) + (y,7) + (v, 9)

= ||zl + (z,y) + (z, ) + |ly|I?
= ||z||* + 2Re(z,y) + ||y|I*.
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]l <l —yll + Iyl
Iyl < llz —yll + ll=]

Together we have the desired inequality.
(Sec 6.1 Q20) Ans :

(a) Direct checking.
(b) Direct checking.

(Sec 6.1 Q21) Ans :

(a) Direct checking.

(b)
Ay + 1Ay = By +1B>
A1 — By = Z(A2 — BQ)
(A1 — B1)" = (i(A2 — B2)))"
A1 — Bl = —i(AQ - BQ)
Hence

Ay — By =—(A1 — By)
A —B1 =0

and hence Ay = Bs.

(Sec 6.1 Q23) Ans:
(a)

(w, Ay) =Y wi(Ay);
=1
=> @y Ay,
i=1  j=1
=YD A,

j=1i=1
= (A"z,y).

(x, Ay) = (A*z,y) = (Bz,y) = (A*z — Bzx,y) =0

Hence A* = B.



n

(Q*Qx)i = > (QQ)jixi

Jj=1

=D QjQuii

j=1 k=1

= (Qi. Qi)
j=1

n
= bimi =
i=1

(d) Let 8’ be the standard basis, then we have

[T = (115151115
= Q"AQ,

So

[T =Q"A"Q = [IUI]g = [U]g.



